Rotating discs work mostly at high angular velocity. High speed results in large centrifugal forces in discs and induces large stresses and deformations. Minimizing weight of such disks yields various benefits such as low dead weights and lower costs. In order to attain a certain and reliable analysis, disk with variable thickness and density is considered. Semi-analytical solutions for the elastic stress distribution in rotating annular disks with uniform and variable thicknesses and densities are obtained under plane stress assumption by authors in previous works. The optimum disk profile for minimum weight design is achieved by the Karush-KuhnTucker (KKT) optimality conditions. Inequality constrain equation is used in optimization to make sure that maximum von Mises stress is always less than yielding strength of the material of the disk.
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Introduction
Rotating discs are historically, areas of research and studies due to their vast utilization in industry such as gears, turbine rotors, flywheels, shrink fits etc. The analytical solutions of rotating solid disks with constant thickness were discussed for elastic-perfectly plastic (Gamer, 1983) and for linearly hardening materials (Gamer, 1984; Gamer, 1985) . Güven extended these works to annular disks of variable thickness and variable density (Güven, 1992) and to fully plastic variable thickness solid disks with constant thickness in the central portion (Güven, 1994) . Variational iteration solution of elastic non-uniform thickness and density rotating disks by Hojjati and Jafari (Hojjati & Jafari, 2007) and theoretical and numerical analyses of rotating discs of non-uniform thickness and density at elastic-linear hardening material by variable material property method by Hojjati and Hassani (2008) are some of the newly published researches in this field. Adomian's decomposition and homotopy perturbation methods also have been used by Hojjati and Jafari for the solution of elastic (Hojjati & Jafari, 2008) and elastic-strain hardening (Hojjati & Jafari, 2009 ) non-uniform thickness and density rotating annular disks. Weight usually is attended in design and manufacturing of rotating disk as the major parameter for optimization. Malkov and Salganskaya (Malkov et al., 1976) and its profiles for thickness and density are assumed to vary as functions of radius (r) (Hojjati & Jafari, 2007; Hojjati & Hassani, 2008; Hojjati & Jafari, 2008; Hojjati & Jafari, 2009) :
where n and m are geometric parameters (
, b is the outer radius of the disk and h is the thickness of the disk at b r = . Rotating disks with variable density can be considered as functionally graded materials (FGM) and the literatures devoted to this field is rich (Gamer, 1985; Güven, 1992; Bayat et al., 2008) . Although, other material properties such as modulus of elasticity can also be assumed to vary with disk radius, in this research it is arbitrary decided to assume that Young's modulus is constant as the case reported in the previous studies (Gamer, 1985; Güven, 1992; Hojjati & Jafari, 2008; Hojjati & Jafari, 2009 ). Substitution of Eqs. (2-5) in Eq. (1) yields the governing equation for the radial displacement:
This is the differential equation governing on rotating disks in elastic form. In this research we have to use the results of the pervious works by the authors (Hojjati & Jafari, 2008; Hojjati & Jafari, 2009) for starting the disks optimization. Therefore solution of the elastic non-uniform thickness and density rotating disk (Eq.6) obtained by Homotopy perturbation method is derived as (Hojjati & Jafari, 2008) : 
where , are integration constants. The solution must be completed by incorporating a certain set of boundary conditions. Here, free boundary conditions are considered for annular disks. If both surfaces at inner and outer radius are free of any traction, then the boundary conditions are 0 ) (
KKT Conditions
The necessary conditions for equality constrain that contained the Lagrange Multiplier theorem generally discussed in textbooks on calculus (Rao, 2009; Peressini et al., 1988; Wide et al., 1970) . Then, the necessary conditions for the general constrained problem are obtained as an extension of the Lagrange Multiplier theorem. These are known as KKT necessary conditions. All optimum designs must satisfy these conditions. We now examine the problem for this optimization with equality and inequality constraints in the standard form: 
In these relations
is the vector of design variables, ) (x f is an object function,
is an equality constraint and
is inequality constraint, respectively and they are all twice continuously differentiable functions. If design point ( * x ) lies on one or more than one constraint surface, the associated constraint is called an active constraint. At constrained minimum, only the active constraints are significant. Hence the first-order optimality condition (Eq. (9)) must be applied to inequality constraint (Peressini et al, 1988) :
Those constraints satisfy Eq. (9) are known as active constraint and the necessary conditions are known as KKT conditions as follow (Rao, 2009) 
Simultaneous solution of the above equations provides the calculations of * x .
Weight optimization of rotating disk

Weight of annular disk
The weight of disk can be written as weight= w V γ = × where V is volume of annular disk and g ρ γ =
is the specific gravity of disk where g is the gravity constant. (17) where, 
Governing constraint of rotating annular disk
That constrain used in this optimization is that the disk must remain in elastic region based on vonMises criteria. In a plane stress rotating disk von Mises stress corresponds to: 
Preparing weight and constraint functions for disk weight minimization
The optimization problem is reduced to minimization of objective function disk W subject to the stress constraint, whose complete statement is expressed as, min subject to disk e W σ σ ≤ The differences in scale of the objective function and the constraint may cause some difficulties. Hence, they should be normalized. The weight is normalized by dividing it over the disk at maximum weight conditions i.e. for m=0 and n=1. 
Equivalent von Mises stress can be dimensionless by dividing it by yield strength of the material:
From Fig. 3 , it is obvious that for different values of m and n parameters, von Mises stress has its maximum value at inner radius i,e. at r=0.1 m in our case study. Therefore, the Eq. (25) can be reduced to the following equation which has no terms of r:
The angular velocity of rotating disk can also be normalized as (Hojjati & Jafari, 2009 
Case Study
To show the performance of KKT optimization method in weight minimization of a rotating disk with variable thickness and density, application of the proposed method is presented here for two cases. The first case is when is used as failure stress criterion. The later means that we wish to include a safety factor in the design, for instance, making the maximum von Mises stress as 0.8 times of yield strength of the material. Table (1) shows the material and the geometry properties used in the numerical examples (Jafari & Hojjati, 2011) .
Table 1
Geometry and material properties of rotating disks
0.6 0.1 0.1 7850 207 0.3 500 300
The optimization problem for the two constraints in normalized form state as follow: where A is a real number that has value of 1 for the first constraint as σ σ ≤ e and 0.8 for second constraint as σ σ (Jafari & Hojjati, 2011 
KKT conditions:
These relations can now be summarized as:
( ) The values of λ for both cases are positive, which confirm that the calculated optimum point gives the minimum weight of disk. Based on Eq. (11), one can realize that the Hessian matrix for the above values is positive definite. Therefore, the sufficient condition is satisfied and these values minimize weight of the disk for given constraint.
Discussions
As it was mentioned before, KKT optimization method has been used for weight minimization of a rotating disk with non uniform thickness and material properties. For the first case of constraint defined as Fig. 4 shows the disc profile before ( 1 = n ) and after optimization. Using the optimization method reviewed here, after design/optimization process, a weight reduction of 68% and maximum von Mises stress of 300 MPa (equal to the yield stress) was achieved. In 
